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ENVIRONMENTS AND CONSTRAINTS
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Supervised Learning

£ =1{((0,0),0), (0, 1), 1), ((1,0), 1), ((1, 1),0)} =

JJomawed} ueidueade

“hard’” architectural constraints

Trz — 0(W31Tk1 + WaaTra + b3) =0
Tia — O(Wa1Tx1 + Wa2Tp2 +ba) =0
Trs — 0(W53Tk3 + W54Tra +0g) =0

training set constraints

r15 =1, o5 =1, 235 =0, 245 =0
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Enforcing Consistencies

fon W — € : h— w(h),
fan: W—> A: h— a(h),
foa: A—=>W:a— w(),

(@)
'b fwa
fwh

This functional equation is imposing the circulation of coherence. Since the functions
are linear, this constraint can be converted to wy,h + byp = WegWanh + (Wapbyn +
bwa). The equivalence Vi € R yields

Jon(h) = fwa o fan(h).

WeaWah — Weh = 0,
Wahban + bwa — bon = 0.



Diagnosis and Prognosis in Medicine

Pima Indian Diabetes Dataset
(MASS > 30) A (PLASMA > 126) = positive

(MASS <25) AN (PLASMA < 100) = negative

body mass index
blood glucose

Wisconsin Breast Cancer Prognosis
(SIZE > 4) N (NODES >5) = recurrent

(SIZE <19)AN(NODES =0) = non recurrent

diameter of the tumor
number of metastasized lymph nodes
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Reconstruction of overwritten chars
MNIST

| was told that the foreground char is
less or equal to the background char

Recognize the foreground
and background numbers

DeeplLearn 2018



Reconstruction of overwritten chars
MNIST
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Patterns, labels, and individuals

(X, x)

9,

Giuseppe 178,70, 45

;
label

X pattern
x

What about learning and inference with individuals?
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Inference in formal logic

only labels are involved!

Domain(label="People")

Individual (label="Marco", "People")
Individual (label="Giuseppe", "People")
Individual (label="Michelangelo", "People")
Individual (label="Francesco", "People")
Individual (label="Franco", "People")
Individual (label="Andrea", "People")

Predicate(label="father0f", ("People", "People"))
Predicate(label="grandFatherOf", ("People", "People"))
Predicate(label="eq", ("People", "People"), function=eq)

Constraint("fatherOf(Marco, Giuseppe)")
Constraint("fatherOf(Giuseppe, Michelangelo)")
Constraint("fatherOf(Giuseppe, Francesco)")
Constraint("fatherOf(Franco, Andrea)")

Constraint("forall x: not fatherOf(x,x)")
Constraint("forall x: not grandFatherOf(x,x)")
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Inference

in formal logic

Constraint("forall x: forall y:
Constraint("forall x: forall y:
-> not grandFatherOf(y,x)")

Constraint("forall x: forall y:
Constraint("forall x: forall y:

fatherOf(x,y) -> not fatherOf(y,x)")
grandFatherOf(x,y)

fatherOf(x,y) -> not grandFatherOf(x,y)")
grandFatherOf(x,y) -> not fatherOf(x,y)")

Constraint(“forall x: forall y:
grandFatherOf(x,y)")

Constraint(“forall x: forall y:
not fatherOf(z,y)")

forall z: fatherOf(x,z) and fatherOf(z,y) ->

forall z: (fatherOf(x,y) and not eq(x,z)) ->
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Inference in formal logic

grandFatherQf ("Marco", "Michelangelo")

grandFather0f ("Marco", "Francesco")

Constraint("forall x: forall y: forall z: grandFatherOf(x,z) and
father0f(y,z) -> father0f(x,y)")

ILP 2018



Full inference on individuals (X, )

from formal logic

from neural nets

consistency constraints

age ,welght .height ,hage ,weight ,height
gCx gt gt ,age, gt git,

Complexity issues: the inference in the environment avoids
massive exploration of the Boolean hypercube

ILP 2018



BRIDGING LOGIC AND
REAL-VALUED CONSTRAINTS

learning relations and logic

“There are finer fish in the sea that have ever been caught,” Irish proverb



Two Schools of Thought

(Formal) Logic Optimization, statistics

._

Any break through the wall?



Logic by Real Numbers

Vr a(xz) Ab(x) = c(x)

—(a(z) Ab(z)) V()
—(—(a(z) Ab(z)) A c(z))
—(a(z) Ab(z) A —c(z))

A

1— Sfdarafelal - L Fleis — 1

fa(x) fo(x)(1 = fe(z)) =0
general form Vo @(f(z)) =0 CID(.CC, f(w)) — 0
ILP 2018



Logic by Real Numbers (con’t)

Ve a(x) Ab(x) = c(x)

£
Gédel T-norm \ \
),

1 —min{f.(x), fr(x),
min { fa(z), fo(x), 1 -

ILP 2018

-

fe(a )}



Tricky Issues

1=2  fi(x)d — fa(x2)) =0
2=1 falx2)(I — f1(x1)) =0

21 filx1) + fa(x2) —2f1(x1) fa(x2) =0

= (fi(z1) — fa(z2))* =0

4

f(o1) = £olzs)

Petr Hajek on Mathematical Fuzzy Logic, Springer 2016



Supervised Learning

The discover of loss by t-norms ...

flze) ©ys, c=1,...,¢

} .ukasiewicz

f(xg) = vy, : min{l — f(z.) + yx, 1}
y. = f(xg): min{l —y. + f(xx), 1}

(f(zx) = y(zx)) A (¥, = £(24))

max{min{1 = f (@) + e, 1)} +min{l = g + f(20), 1), 1})

L~ ‘yli 3 f(llfﬁ;)‘

d(z, f(z)) =0
ILP 2018



Unsupervised Learning

two groups
Va (A(:l?) D B(m)) A\ D(JJ) exclusive properties

a” data are in a Certain domain ................................................... >

Vax (A(x) VB(xz)) AD(x)

inclusive properties
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REPRESENTATIONAL ISSUES

“the simplest solution” compatible
with the constraints

We use the Lagrangian
optimization framework

ILP 2018



A New Communication Protocol
data + constraints

Ve ®(x, f(x)) =0 from constraints to

Z §b2 (%«:a f(a%)) loss functions

relU



A New Communication Protocol
data + constraints

llearning of constraints

cognitive laws

¢;(x, f(x)) =0

\[ tasks

® Supervised

O
o
=
=3
-
® Unsup 7o !
8>, > f(x)
=
® Se O ‘
O perceptual space
D
3 X



The New Role of Learning Data

hair(x) = mammal(x)
mammal(x) A hoofs(x) = ungulate(x) cognitive laws

ungulate(x) A white(x) A blackstripes(x) = zebra(x). é.(x, f(x)) =0

!

fhair(x)(1 _fmammal(x)) =0 \ tasks

fmammal(x)fhoofs(x)(1 _fungulate(x)) =0 f(x)
fungulate(x)fwhite (x)fblackstripes (X)(l o fzebra(x)) = 0.

' I
penalty functions ‘ perceptual space

perceptual space X



The Marriage of

Parsimony Principle and Constraints

Constraints turn out to be loss functions

keep these loss functions as small as possible

sh

fair (%) (1 = framma1 (x)) =0
fmammal(x)thOfS(x)(l _fungulate(x)) =0
fungulate(x)fwhite(x)fblackstripes(x)(1 _fzebra(x)) = (.

penalty functions
perceptual space

X

Parsimony Principle

vl

f fhair
fhoofs

f mammal

f ungulate

fwhite

fblackstripes

fzebra



How to represent the tasks!?

f:
Primal space Dual Space

\

Kernel Machines




Semi-norm in Sobolev Spaces

o,
P:ZIaKmaaDg=E|a|<maa(821 o)

\00\‘ a,, € O

under proper boundary conditions ...

10 M ST

h=0 la|=h

Given P and v; > 0,...,:=1,...,n

E(f) =l fllpy=> v <Pfi,Pfi>=Y v < [j,P*Pfi>=> v <[, Lf; >
j=1 j=1 j=1

ILP 2018



jJUL2WUOJIAUD 9] Ul 9oUaJdajul

Parsimony Principle

fd) admissible w.r.t the collection of constraints C¢

f* =argminger, || f ||py
strictly (hard)

partially (soft)

check of a “new’’ constraint

vz ¢(z, f*(z), Df*(z)) =07

ILP 2018



Inference

check of a new constraint C = ¢

vz oz, f*(z)) =0

Lo F () P = ( [ o f*@)dx)
Y O (we, [F(x0))

T, €D

Basic assumption: D is of “nearly null” measure in X

Facing the intractability coming from formal logic formal

ILP 2018



Representer Theorem
single constraint
Gnecco et al (2015)

constraint reaction

1 -
0 (1) = =PV (x, f*(0))

fr&) = g@&) - oy &)

ILP 2018



Representation of the solution

Ve € X C X iz, f(z)) =0, i€ N, 20Ldm)

5

3_ D(f17'°°7fm)

(@)

% L(f)=]f Hp7 +Z/ ) - ¢i(x, f(z))dz Lagrangian approach

—

% Lf(z)+ Z)\ -Vigi(x, f(z)) = Euler-Lagrange equations

Lg =29 Green function

wi(-) = =X()Vdi(-, F7(+)) reaction of the constraint

support constraints Fredholm eq. (Il kind)

A N “merging of two ideas ...”
=3 4() @wi(f()

ILP 2018



Lagrange Multipliers and Probability Density

hard constraints

Ve e X; C X : ¢i(z, f(x)) =0, 1€ IN,,

L) =1 S g + Y [ o) S

soft constraints

L) =1 £ I}, +C Y [ pi@)di(a, fla))de




Parsimony and architectural constraints

C e 14
minimize % D icO ZjeHo wz-zj + > 1 ZjeH Arj| T s

subject to mm—U(Zjepa(i)wijfEmj):Oa 1€ HUO, k=1,...,¢,
l — 24y <0 1€0, kK=1,...,¢

L(w,z,a,B) = szj%—ZZ( km|Trm| [m € H|

%ﬂ?jefl k=1 m
+ Qlern (az,@m — 0( Z wmra:,w>> im e H U O]
repa(m)
T Z 6/4/&'(1 — xl-iiy/ﬁ:i)_i_>7
€0

ILP 2018



Gradient descent/ascent

A more biologically plausibile solution than Backpropagation
saddle points of the Lagrangian

learning (gradient descent)
Lri < Tri — nxaa:m[/

Ari ¢ A + 77)\@)\M.L focus of attention (gradient ascent)

9rki _éj&z_g( Z wz]$m3>_0

saddle points of the Lagrangian jepa(i)

Lagrangian multipliers, straw and support neurons!

Network growing and constraint selection ...

ILP 2018



LYRICS
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Semi-supervised Learning

# Definition of the domain of the data points.
Domain(label="Points", data=X)
# Approximating the predicate A via a NN.

Predicate("A", ("Points"), function=NN_A)
# Fit the supervisions
PointwiseConstraint(A, y_s, X_s)

- given predicate

# Given predicapéﬁstating whether two patterns are '"close"
Predicate("Cloée", ("Points","Points"), function=f_close)
# The constraint implementing manifold regularization.
Constraint ("forall p:forall q: Close(p,q)->(A(p)<->A(q))")

ILP 2018



Semi-supervised Learning (con’t)
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Bridging Perception and Logic

{ T1,22) ER*: 0<21 <2, 0< 25 < 1} “KnOW|edge Base”
= {(z1,m2) ER*: 1<z1<3, 0< 2y <1} ar(x) A as(x) = az(x)
{ :131,:16 cR*: 1 <z <2, 0<29< 2} ag(x) =— a,4(aj)
=CU{(z1,22) e R?:0< 21 <1, 1 <zy <2} ai(z) V az(x) Vas(x)
a4

What can | deduce?

How can data help

deduction!?
a2
C = o

as

ILP 2018



Checking (logic) constraints
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Checking (logic) constraints
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ai(z) ~ fi(z)

. . « . 9
points only points and “logic rules
I .@ f1()() : .© f1(x)
B ¢ Sample H 1 ol . oo TSI ¢  Sample [
+  Label (1)]] [ J' . ‘® 4 > +  Label (1)]]
O Label (0)| i O Label (0)|1
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1.5

0.5

points only

as(z) ~ f2(x)

. .0 IR
¢ *
o\ ¢
Y \e 4 . A ¢ 0
[
% ¢ Lo ot
.
.

*

+
®)

S hHK
Sample
Label (1)|]
Label (0) |1

points and “logic rules”

—_——
A
o0 IR ¢ Sample
* W o _
* S ¢ 00 + Label (1) |]
. . O O Label (0)|;

0.8
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az(z) ~ f3(z)

0.6

0.4

0.2

points only points and “logic rules”
S [oWw - [
¢+ Sample |- 1 2 ¢+  Sample |-
+ Label (1)|] I + Label (1)|]
O  Label (0)|1 i ) O  Label (0)|1
0.8
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ag(z) ~ fa(T)

0.6

0.4

0.2

ILP 2018

points only points and “logic rules”
S "fé;&)"' - [=>Ww
i + ool I 4 Labei(n]
O Label (0)| O Label (0) |1
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Checking Constraints

FOL clause Category | Average Truth Value
ai1(x) N as(x) = as(x) KB 98.26% (1.778)
az(z) = a4(x) KB 98.11% (2.11)
ai(z) V az(x) Vaz(x) KB 96.2% (3.34)
a1(z) A ax(z) = au(z) LD 96.48% (3.76) v 1 True
o anl N e =) ENV 91.32% (5.67)
as(z) A as(z) = ai(z) ENV 91.7% (4.57)
az(x) N as(z) = ay(x) LD 96.58% (4.13) v
as(z) = ai(z) V az(z) V as(z) LD 99.7% (0.54) Vool
ai1(z) N aqs(x) ENV 45.26% (5.2) 1 False
as(x) V as(x) ENV 78.26% (6.13)
ai1(z) V az(x) = as(x ENV 68.28% (5.86)
a1(x) N as(x) = —ay(z) ENV 3.51% (3.76)
a1(x) N —az(x) = as(z) ENV 27.74% (18.96)
az(x) N —az(z) = ai(z) ENV 5.71% (5.76) !

Search reduced to manifolds instead of the Boolean hypercube!

ILP 2018



Checking Constraints in the Environment

L1
>

Formally false but true in this environment!
4 ?

ar(x) A az(x) - az(x) a1 =1, ao =0 ag
az(x) A az(z) = a1(z) a1 =0, ax=1 as

ILP 2018



Patterns, labels, and individuals

(X, x)

9,

Giuseppe 178,70, 45

;
label

X pattern
x

What about learning and inference with individuals?

ILP 2018



Inference in formal logic

only labels are involved!

Domain(label="People")

Individual (label="Marco", "People")
Individual (label="Giuseppe", "People")
Individual (label="Michelangelo", "People")
Individual (label="Francesco", "People")
Individual (label="Franco", "People")
Individual (label="Andrea", "People")

Predicate(label="father0f", ("People", "People"))
Predicate(label="grandFatherOf", ("People", "People"))
Predicate(label="eq", ("People", "People"), function=eq)

Constraint("fatherOf(Marco, Giuseppe)")
Constraint("fatherOf(Giuseppe, Michelangelo)")
Constraint("fatherOf(Giuseppe, Francesco)")
Constraint("fatherOf(Franco, Andrea)")

Constraint("forall x: not fatherOf(x,x)")
Constraint("forall x: not grandFatherOf(x,x)")

ILP 2018



Inference

in formal logic

Constraint("forall x: forall y:
Constraint("forall x: forall y:
-> not grandFatherOf(y,x)")

Constraint("forall x: forall y:
Constraint("forall x: forall y:

fatherOf(x,y) -> not fatherOf(y,x)")
grandFatherOf(x,y)

fatherOf(x,y) -> not grandFatherOf(x,y)")
grandFatherOf(x,y) -> not fatherOf(x,y)")

Constraint(“forall x: forall y:
grandFatherOf(x,y)")

Constraint(“forall x: forall y:
not fatherOf(z,y)")

forall z: fatherOf(x,z) and fatherOf(z,y) ->

forall z: (fatherOf(x,y) and not eq(x,z)) ->
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Inference in formal logic

grandFatherQf ("Marco", "Michelangelo")

grandFather0f ("Marco", "Francesco")

Constraint("forall x: forall y: forall z: grandFatherOf(x,z) and
father0f(y,z) -> father0f(x,y)")
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How does it work!?

grounded pailr father { grandfather
(Marco,Giuseppe) {w/(Mar,Giu) | w9f (Mar, Giu)

(Marco,Francesco) | w! (Mar, Fra) '« w (Mar, Fra)

w! (Mar,Giu) =1 w! (Giu, Mic) =1 w!(Giu, Fra) =1 w! (Fra, And) = 1
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How does it work!?

Lukasiewicz logic

fT(x,y)::rnaX{O,x-+g/—-1}
= min{l,1 —x + y}

w! (Mar,Giv) =1 w!(Giu, Mic)=1 w/(Giu,Fra) =1 w!(Fra, And) = 1

Constraint(“forall x: forall y: forall z: fatherOf(x,z) and fatherOf(z,y) ->
grandFatherOf(x,y)")

> min{l — max{w/ (X, Z) + w/(Z,Y) — 1,0} + w9/ (X,Y), 1}
X,Y.,Z
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Full inference on individuals (X, )
wf(X, Y), w9’ (X,Y) from formal logic

>consistency constraints
w! (z,y),w (z,y) from neural nets

v

(age,,weight ,height ,age ,weight ,height )

Complexity issues: the inference in the environment avoids
massive exploration of the Boolean hypercube
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Poly Check
$1(f(z))
d2(f(z))
¢3(f(z))

[ .
&h
[
8

)
Vz (formal check)
)

f3(@) + fi(@) f2(2) fa(z) + fi(z) +6 =0 ?

¢1: f3=1+4 fafa
fifs = fi+ fifaf4

P2 : fé2+f1f2f4+f1+6=0 ok
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Learning and inference in the environment

Learning and inference in the world of rectangles

(QhQQ). ‘

left, below

. inside/contains
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The “world of rectangles”
r ~ ((p1,p2), (q1,92))

Vr,y in S: left(z,y) = Sr(x,y) supervision
Vx,y in S: below(x,y) = Sp(z,y)
Vx,y in S: inside(z,y) = S;(z,y)

Va,y left(x,y) < right(y, x) consistency of the
Va,y below(x,y) < above(y, x) opposite

Vx,y inside(x,y) < contains(y, )

v,y left(z,y) < —left(y, z) asymmetry consistency
Va,y below(x,y) < —below(y,x)

Vx,y inside(x,y) < —inside(y, x)

Va,y left(x,y) < —inside(z,y) topologic consistency
Vx,y below(z,y) & —inside(z,y)
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Inference in the “world of rectangles”

Vx,y,z: inside(x,y) A right(y, 2) = right(x, 2)
Va,y left(x,y) = above(z,y)

Vo left(x,x)

50 rectangles, |5 supervisions, 4-20-6 neural net

0.99
0.99
0.02
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Generating the next char

Vx IsZero(x) = zero(x)
Vx IsOne(x) = one(r)

Vx IsTwo(x) = two(x)

Vx IsZero(x) = one(next(x)) A two(previous(z))
Vx IsOne(x) = two(next(x)) A zero(previous(x))
Vx IsTwo(x) = zero(next(x)) A one(previous(x))

Vx next(previous(x)) =
T

Vx previous(next(z))
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Generating the next char (con’t)

Domain("Images", data=X)
Predicate("zero", ("Images") ,function=Slice (NN, 0))
Predicate("one", ("Images") ,function=Slice (NN, 1))
Predicate("two", ("Images") ,function=Slice (NN, 2))
PointwiseConstraint (NN, y, X)

Predicate("eq", ("Images", "Images"), function=eq)
Function("next", ("Images"), function=NN_next)

Function("previous", ("Images"), function=NN_prev)

Constraint ("forall
Constraint("forall
Constraint("forall
Constraint("forall
Constraint("forall
Constraint("forall

Constraint ("forall
Constraint ("forall

o T T B B B

>4

: zero(x) -> one(next(x))")

: one(x) -> two(next(x))")

: two(x) -> zero(next(x))")

: zero(x) -> two(previous(x))")
: one(x) —-> zero(previous(x))")
: two(x) -> one(previous(x))")

: eq(previous(next(x)),x)")
: eq(next(previous(x)),x)")
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Generating the next char ... (con’t)

previous

Notice that this is NOT based on GAN!
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Reconstruction of overwritten chars
MNIST

| was told that the foreground char is
less or equal to the background char

Recognize the foreground
and background numbers
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Conclusions

® A framework for computational laws of nature

® Probability distributions and Lagrange multipliers,
biological plausibility and focus of attention

® Bridging symbols and sub-symbols (logic
representations & learning )

® [nference in the environment, full inference
(searching in manifolds instead of the Boolean
hypercube)

® Time and developmental issues (Piaget foundation
of Developmental Psychology)



OPEN ISSUES

® | earning loss functions by generators
® | earning of constraints
® |nteractive environments

® Stage-based processing
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LYRICS

Learning Yourself Reasoning and Inference
with COnstraints

a development environment on top of tensorflow

https://github.com/GiuseppeMarra/lyrics



https://github.com/GiuseppeMarra/lyrics
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UB DATE: November 2017 variety of specific techniques

IST PRICE: £59.99/€70.95/599.95

ORMAT: Paperback KEY FEATURES

AGES: c. 580 « It is an introductory book for all readers who love in-depth explanations of
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Yoshua Bengio, Université de Montréal
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and engineering of intelligence.
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From parsimonious inference to induction

f* — argminfey:¢ H f HP,fy learning and the active role

Ve ¢(x, f*(x), Df*(x)) =07  inference

Y (zx, f*(x)) inductive learning of new
R constraints by MMI clustering

*
“ maximize the sensibility

a cyclic process: learning
from and of constraints!
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